A higher order finite element method is considered to treat an interface problem. The polynomial degree is allowed to be arbitrary but it is fixed for the FEM-variational formulation. We propose an error estimator which turns out to be efficient and reliable. We demonstrate upper and lower bounds of the error estimator with respect to the exact accuracy. For the transmission problem, the coefficients for the internal and external domains can be highly dissimilar. One major difficulty is the characteristic of the estimator at the interface. The a-posteriori error estimates can be computed very efficiently element by element. To corroborate the theoretical analysis, we report on a few numerical results.
Introduction
In most aspects of numerical simulation, it is desirable to provide an approximation to an unknown. But it is even more reliable to supply an additional information quantifying how accurate the approximation is. In particular for FEM (Finite Element Method), that additional value is exactly the purpose of the a-posteriori error estimator which is described subsequently. We begin by motivating the transmission problem that is based on the PBE (Poisson-Boltz- for ∈ x Ω which will be the purpose of this paper. We will focus on the FEM treatment of the linearized equation for which we investigate a-posteriori error estimates. Before presenting our approach, related works and our previous results are in order. Verfürth has compiled a comprehensive study [5] about APEE (a-posteriori error estimator) for which he mainly treats piecewise linear FEM. Many different a-posteriori error estimators have been proposed for the Stokes problem [6] [7] [8] [9] for isotropic grids. In the context of anisotropic meshes [10] [11] [12] , there are a variety of APEEs for Poisson and reaction-diffusion problems [13] [14] . An article [15] by Creusé, Kunert and Nicaise presents a survey on the residual based error estimator on anisotropic grids for the Stokes equation. An interesting APEE for two and three dimensions as well as an anisotropic adaptive mesh refinement are also detailed in [16] . Basically, a-posteriori error estimators permit to evaluate the finite element errors without knowing the exact solution. That feature makes it possible to dynamically identify regions where one should have further refinements if the error there is too large. Therefore, adaptive refinements are mainly based on the quality of a-posteriori error estimators. Our approach in this paper follows the same spirit as the works in [17] [18] . For the Spectral Element Method, we find in [18] an APEE for the hp-case. That is, the mesh size h is allowed to be refined in some regions while the polynomial degrees p are also variable on different elements of the mesh. The hp-case does not require that the polynomial degree or the mesh size are fixed. That has been generalized in [17] to treat hp-FEM [19] for the Poisson problem where corner singularities are allowed. We have presented in [20] an APEE based on hierarchical space enrichment on anisotropic FEM which is combined with adaptive refinements. Boundary Element Method (BEM) is very efficient [21] [22] [23] [24] [25] as far as the linear PBE is concerned because of the existence of a fundamental solution providing an explicit kernel for the integral equation formulation. In addition, BEM requires only a discretization of the surface Γ instead of the entire volume Ω (see Figure  1 (c)). When treating nonlinear PBE, a solver on the volume Ω appears to be unavoidable. This paper can be viewed as a preliminary work toward nonlinear PBE. We are still reluctant to completely focus on the nonlinear PDE because the equation in (1) presents a real challenge related to the exponential nonlinear term on the left hand side and the nonsmooth Dirac functions on the right hand side. The only treatment of nonlinear PBE using BEM which we are aware of is [26] that is admittedly a very good approach. By inspecting that paper in detail, we realized that a solver in the volume Ω is also needed to construct an artificial fundamental solution. An integral equation solved by BEM is then used by applying that artificial fundamental solution in order to form a kernel. That is, a treatment exclusively on the surface Γ without recourse to a solver in Ω is so far not sufficient. Holst [27] [28] [29] [30] is one of the most prominent specialists of PBE using FEM. His work seems to be extensively based on piecewise linear variational formulation. The Finite Difference Method (FDM) is also widely used in PBE. The main reason does not seem to be attributed to its numerical efficiency but rather to code availability and to reference or comparison purpose (see Section 1.1.2 of [31] ). An important component of PBE simulation is the geometric information because exact solutions of PBE are only known for very few simple geometries. Implementing a program for generating an SES (Solvent Excluded Surface) from nuclei coordinates and the Van-der-Waals radii of the atoms is not straightforward because a lot of geometric tasks [32] [33] [34] come into play. It is a long process to start from the nuclei coordinates till obtaining geometric data for computations. We have achieved a geometric task to process nuclei information in order to generate data for BEM as well as a mesh generation [35] from FEM as illustrated in Figure  1 (c). Furthermore, a real chemical simulation by using wavelet BEM is described in [25] for the quantum computation. A wavelet BEM simulation using domain decomposition techniques was described in [36] which treats the case of ASM (Additive Schwarz Method). It was utilized as an efficient preconditioner for the wavelet single layer potential which is badly conditioned. A wavelet BEM formulation for computing apparent surface charge is documented in [37] for an interface problem. A simulation for chemical quantum computation using FEM is documented in [38] where we used nanotubes immersed in polymer matrices.
We consider in this work a higher order FEM formulation to treat the interface problem. That is, the polynomial degree, which is arbitrary but fixed, is uniformly constant in the entire FEM mesh. We examine the a-posteriori error estimator locally within each element and each edge. There are several types of edges: the interface edges, the interior edges, the exterior edges and the boundary edges. The difficulty for an estimator with respect to an interface edge is the discontinuous coefficients on the incident elements as well as the flux jump at the interface. In this work, we are more interested in elaborating mathematical theory than in chemical simulation. The error estimator can be efficiently computed element by element. We consider smooth load functions as right hand side of the equation. In addition to the theoretical investigation, we contribute about the numerical influence of the parameters appearing in the a-posteriori error estimator. We need numerical tests because the dependence of all various constants with respect to the problem parameters is not established theoretically. The next discussion is structured as follows. In the following section, we start by formulating the problem accurately and we introduce some important definitions as well as the expression of the estimator. That is followed by the analysis of the a-posteriori error estimator in Section 1. We report on some interesting practical results in the last section.
Problem Setting and A-Posteriori Estimators
This section describes the problem formulation, the introduction of the higher order FEM as well as the explicit expressions of the a-posteriori error estimators.
We recall also some important results related to polynomial inverse estimates.
We consider the transmission PDE:
where ( ) , ,
 Every node of the interface Γ is also a node of h  ,  All edges of the interface Γ are edges of the mesh h  .
For a triangle
x y x y (8) ( ) : supremum of the diameters of all balls contained in
: set of elements of sharing a vertex with
We use
for sufficiently large i. We assume quasi-uniformity in the sense that there exists a constant 0 0 ρ > such that (14) : set of edges of on the boundary ,
: set of edges of which are not included in ,
: set of edges of which are included neither in nor in . (17) Note For any triangle T, the affine invertible mapping from the unit reference
onto T is denoted by : :
where det , det
That allows one to derive results on the unit reference triangle T and to carry them over to any element T in the original mesh 
We will denote the piecewise constant function defined on Ω : The sum of (24) and (25) for every (27) Taking into account the flux jump (5) in the transmission equation, we have
The Galerkin weak form is therefore
For a fixed polynomial degree 1 p ≥ , the finite dimensional space is
The discrete Galerkin approximation is to search for
Introduce the bilinear form
In order to express the a-posteriori estimators, we assume that the appro- :
where
-projection of the load function f onto the element T. The expression for an exterior element
:
For an interface edge h e ∈  Γ , one introduces 
where e Q is the 
Since one needs computable local estimators for an element-by-element computation, an interior element 
Likewise, for an exterior element h T ∈  ext , the local estimator reads: 
The local estimators add up to the global estimator:
One has the following polynomial inverse estimates and extension properties. 
On the 2D reference element (22) , one has for every bivariate polynomial p
The constants are 
defined on the reference triangle T from (22) such that it has the next properties w.r. 
We have for any γ as in (50) and (51) the next estimate using the patch
Under the assumption that h Cp ≤ , we have the following bound: 
Apply now (56) and (57) to the last identity in order to obtain a b = where 
On the other hand, one has 
Hence, we deduce 
By using the definition of the extension together with the properties (50) and 
( ) } ( ) ( ) 
By regrouping the terms, one obtains 
and respectively 
resp. : 
and proceed as in the former proof. The next estimate holds for the weighted error estimator
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Proof. Due to (29) , one has for 
, : 
Deduce therefore the next estimate 
2 2
Regroup the local terms with respect to the the local edges to obtain ( ) 
Proof. The following equalities hold:
Consequently, one obtains
Concerning the estimation of
For the first term, apply the polynomial inverse estimate (48) to the
and the affine transform :
respectively. Since the FEM-level is used extensively, we introduce it very rapidly. which associates to both the ε-ratio and the μ-ratio the value of 1:1000 . We use these parameters because they highlight a situation where the internal and the external coefficients are very dissimilar. In particular, the ratio of the normal derivatives at the interface is proportional to the ε-ratio. Parameters tending to unity are very easy because that turns out to be the same as treating a problem without an interface in the whole domain Ω . The results of the computation are collected in Table 1 where we consider three fixed polynomial degrees 1, 2,3 p = . For each degree, the FEM-levels are allowed to vary from one to five. The corresponding 2  -norms, 
Practical A-Posteriori Error Estimation
Now that we have gained insight about the a-priori accuracy, we want to turn 
The results of the computer simulation is collected in Table 3 where we examine four polynomial degrees 1, 2,3, 4 p = .
For every fixed polynomial degree p, the value of the FEM-level is allowed to M. Randrianarivony Table 4 where we have which yield the ε-ratio and the μ-ratio of 1:10 and 1: 2.5 respectively. An observation is that for both configurations, the curves for the exact accuracies and those for the estimated ones almost agree in shape and slope. That means that the exact accuracy is comparable to the estimated precision up to a constant factor. This highlights that using the average estimator avr differ from the first test, the estimated precisions are in general somewhat above the exact precisions.
Conclusion
We considered an interface problem where the internal and external PDEs admit different coefficients. The solution to the PDE is globally continuous but it may admit highly discontinuous derivatives across the interface separating the Applied Mathematics internal and the external domains. We proposed an a-posteriori error estimator which has been theoretically demonstrated to be equivalent to the exact precision. The performance of the estimator has also been investigated practically. For every fixed polynomial degree, it provides satisfactory precisions which are comparable to the order of the exact accuracies on different FEM-levels. Several tests have been performed where one varies the problem configurations and the simulation parameters.
